A two-dimensional rimless wheel provides a simple model of bipedal walking. The motion of the rimless wheel is stable, and this particular property has clarified the fundamental role of a swing leg in planar bipedal walking that addresses the problem of falling forward. In this paper, a three-dimensional rimless wheel is investigated as a simple model of three-dimensional bipedal walking. The 3D rimless wheel model is useful in understanding the essential dynamics of 3D bipedal locomotion. The model consists of two rimless wheels connected by a link at the center of the wheels, and flat feet connected to the spokes with springs. The first numerical stability studies indicated that the motion of the 3D rimless wheel could be unstable; however, numerical simulations and experimental results showed that for a given slope and physical parameters, including the spring constant at the ankles, a stable motion is obtained. This indicates the usefulness of ankle springs in providing stable bipedal locomotion in three-dimensions.
Introduction
Study of several simple models of bipedal locomotion has shown the usefulness of investigating the simple models to understand the essential dynamics of bipedal locomotion, e.g.
(1) - (7) . One of the simplest bipedal locomotion model is a rimless wheel (8) , (9) as shown in Fig. 1(a) . An ideal wheel can move steadily on a level ground. Its motion is not as different from that of a bipedal locomotion as one might first imagine. We can obtain a rimless wheel by simply removing the rim from the wheel, leaving a number of the spokes, i.e., legs, at fixed angles as shown in Fig. 2 . The rimless wheel has been studied to understand the bipedal locomotion. The rimless wheel model captures two main features of biped locomotion, of which one is the stance leg motion. The motion of a spoke that comes in contact with the ground corresponds to the stance leg motion in biped locomotion, which acts as an inverted pendulum motion. The other feature is the heel strike when the swing leg touches the ground. The stance leg is exchanged during the impact phase, which prevents the biped from falling forward. The role of the heel strike, which leads to the fundamental stability mechanism, can be explained by the rimless wheel model (9) - (11) . Although kinetic energy is lost each time a new spoke impacts the slope, some kinetic energy is gained from the movement down the slope. The rimless wheel exhibits a periodic motion if the energy loss and gain are equal. If they are not equal, an energy balance mechanism comes into play. For instance, if the rimless wheel moves faster than the stable motion, larger energy loss than the stable motion occurs.
Journal of System Design and Dynamics
Vol. 3, No.3, 2009 This reduces the speed because the energy gain per step remains constant. The rimless wheel will asymptotically go back to the stable motion. The rimless wheel has an equilibrium motion for a given slope angle (9) , (10) . The stable region for a rimless wheel is very large (12) . This remarkable feature is used to strengthen the stability of passive walkers (13) and powered biped walkers (12) as indicated in Fig. 3 . Wisse et al. concluded that a planar biped will never fall forward if the swing leg is stepped quickly in front of the stance leg (12) .
Coleman et al. studied the motion of a rimless wheel in three-dimensional plane as shown in Fig. 1(b) . Smith and Berkemeier (14) extended the rimless wheel to a three-dimensional version which consists of two rimless spoked wheels connected by a link at the center of the wheels as shown in Fig. 1(c) . The two rimless wheel is connected so that alternate sides of the spoked wheel touches the ground. The 3D rimless wheel was used to understand 3D bipedal locomotion with hip width and leg separation. However they only studied the motion of the 3D rimless wheel through numerical simulations and the angle between spokes is π/8 rad which is small compared to passive walking and normal human walking (9) .
In this paper, the angle between spokes is set to be π/4 rad which is large enough compared to the passive walking and human walking. The main feature of this study is the ankle and foot design as shown in Fig. 1(d) . Flat feet are added to the 3D rimless wheel. The flat feet are connected to the legs with the ankle joints which have two degrees of freedom for roll and pitch motion. Roll is rotation about an axis in the direction of walking. Pitch is rotation about an axis perpendicular to the direction of walking. The authors have experimentally shown that this assembly helps a 3D passive biped walker to achieve sufficient friction torque from the ground to avoid unstable yaw motions (15) , (16) . However, the effectiveness of the torsional spring stiffness at the ankle joint in providing stable periodic motion has not been extensively investigated. We investigate the effects of the torsional spring stiffness at ankle joints on the stable motion of 3D passive walking. In this study, we use a three-dimensional rimless wheel, which is a simple model of 3D passive walking, to show that the addition of ankle springs helps obtain a stable motion. We have already performed preliminary numerical simulations on the 3D rimless wheel (17) . In this paper, we describe the detailed stability analysis and experiments on the 3D rimless wheel. Numerical simulations show that the motion of the 3D rimless wheel is unstable without ankle springs. Then the effect of ankle spring for roll motion is investigated through numerical simulations. Ankle springs are added to the 3D rimless wheel to obtain stable motion. When appropriate value of the spring constant is set, the 3D rimless wheel exhibits stable motion. Experimental studies are performed to show the usefulness of the proposed method. Experimental result shows that rebound occurs when the foot impacts with the ground leading to unstable motion. The ankle spring for pitch motion is added to avoid the rebound. Finally, experimental results show that the flat feet and ankle springs for roll and pitch motion enables the 3D rimless wheel to be stable motion. The results indicate that flat feet and ankle springs are useful to obtain stable walking in 3D bipedal locomotion. Figure 4 shows the 3D rimless wheel model investigated in this paper. The model of the 3D rimless wheel consists of two rimless spoked wheels connected by a link at the center of the wheels. In Fig. 4 , m H is the total mass of the 3D rimless wheel, r is the length of a leg, d is the distance between the rimless wheels, α is the angle between two adjacent legs on the opposite side of the wheels, I XX and I ZZ are moments of inertia about the axes perpendicular to the joint at the center of the wheels and passing through the center of mass, I YY is the moment of inertia about the axis along the joint at the center of the wheels and passing through the center of mass, and g is the gravitational acceleration. In this paper, flat feet are connected to the spoke ends to gain sufficient friction torque against unstable yaw motion. Torsional springs are also attached to the joints between the feet and the legs. The model of the 3D rimless wheel is simplified as shown in Fig. 5 because numerical simulations of the 3D rimless wheel is difficult, mainly due to collisions between the swing foot and the ground, and the frictional phenomena between the stance foot and the ground. The feet except the stance foot are considered to be a point foot in order to make the motion of the feet negligible. The stance foot and ankle is modeled as the point foot with the two degrees of freedom for roll angle and pitch angle between the ground and the foot. The effect of the spring stiffness for the roll motion is investigated in numerical simulations. The effect for the pitch motion is investigated through experiments of a physical 3D rimless wheel. The dynamic model of the 3D rimless wheel is obtained by the Euler-Lagrange equations as
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where M is the mass-inertia matrix, C is the Coriolis matrix, G is the gravity term, and θ = θ R θ P T . θ R is the roll angle of the stance leg. θ P is the pitch angle of the stance leg as shown in Fig. 5 . T is the torque applied by the springs for the roll motion. T is calculated as T = −k r θ R where k r is the torsional spring constant. The matrices are as follows.
Impact equations
The impact assumptions are the same as those for passive walkers (9) and rimless wheels (10) , (14) . The impact between the swing foot and the ground is assumed to be inelastic and without slipping leading to an instantaneous impulse applied at the point of impact, which causes a discontinuous change in velocity. During impact, the orientation of the rimless wheel remains unchanged. It is also assumed that no such impulse occurs at the trailing leg. The conservation law applied to the angular momentum during impact leads to the relationship between the pre-and post-impact angular velocities. Two equations for conservation of angular momentum are needed to fully determine the two post-impact angular velocities. Denoting the angular momentum of the whole 3D rimless wheel about the ankle joint of the leading leg as the vector H, two components of this quantity are conserved.
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where the superscripts "-" and "+" indicate pre and post-impact values, respectively. Figure  6 shows the direction of H, n R , and n P . n R is the unit vector along the axis of the ankle joint representing roll motion, n P is the unit vector along the axis of ankle joint representing pitch motion. Equations (2) and (3) are all linear inθ. Then we obtain
Note that the pre-and post-impact matrices Q − and Q + are dependent on the orientation of the rimless wheel at impact. The angles are relabeled as
where
From Eqs. (4) and (5), we obtain the angular velocities of post-impact aṡ where
, 
Stability Analysis
The stability analysis of the motion is performed using a Poincaré map, which McGeer called as a stride function (9) . The Poincaré section is chosen as the state just after the impact of the leading spoke. Table 1 shows the values of the parameters used for the stability analysis which are that of the physical 3D rimless wheel as shown in Fig. 7 . The hip width d is changed to find stable motion. A fixed point is searched using the Newton-Raphson method (9) , (18) . When the fixed point is found, the Jacobian matrix of the Poincaré map about the fixed point is calculated numerically and the eigenvalues of the Jacobian matrix are obtained. If the maximum absolute eigenvalue is less than one, the periodic motion is locally however asymptotically stable. As a first step, the conditions of stable motion are searched by changing the hip width from 0.02 m to 0.24 m, and the slope angle from 0 rad to 0.3 rad while the spring constant is zero, i.e. the spring is removed. In the search, the conditions of the stable motion are not found. The all maximum absolute eigenvalues are larger than one. Figure 8 shows the examples of the transition of the maximum absolute eigenvalue with changing the slope angle and hip width while the spring constant is zero. In the stability analysis we can conclude that the stable motion is not obtained when the spring is removed. Next, the springs for roll motion are attached to the 3D rimless wheel. The parameters which enable the wheel to exhibit stable motion are searched by changing the hip width from 0.02 m to 0.24 m, and the slope angle from 0 rad to 0.3 rad and the torsional spring constant from 0.5 Nm/rad to 15 Nm/rad. The ranges of the search are the same as the previous one except that the spring stiffness are introduced at the roll joint of the stance ankle. Figure 9 shows the stable region found through the search with the hip width of 0.02, 0.16, and 0.24 m. From Fig 9, it is shown that the stable motion is obtained when the spring stiffness is sufficiently large and the stable region is changed depending on the hip width. The minimum value of the slope angle which shows the stable motion increases with the increase of hip width. The minimum value of the spring constant which shows the stable motion decreases with the increase of hip width. However, it is shown that, with any value of the hip width in the search, shallow angles and small values of the spring constant cannot enable the rimless wheel to be stable. In fact periodic stable or unstable motions are not found when the wheel move on a shallow slope. It is easily explained by using analogy of a 2D rimless wheel (10) . Therefore it is not important that the stability motion is not found at a small slope angle. The important results is that the 3D rimless wheel is not stable even if the slope angle is increased when the springs are removed. This is very different from the 2D rimless wheel which is always stable if the slope angle is large enough to the inter-leg angles of the wheel. The simulation results show that one solution to obtain stable motion of 3D rimless wheel is spring stiffness at the roll angle. Figure 7 shows the physical rimless wheel. Figure 10 shows the foot and ankle of the 3D rimless wheel. The flat foot and the leg are joined by a universal joint that has two degrees of freedom. Sponge sheets are attached to the soles of the feet to increase friction. The torsional spring effect is realized by using a pair of tension springs. Tension springs are attached to the Springs "F" are connected to "A" and "E" through "C" and "D," respectively. The ankle joint "G" and the connected point "H" are attached to the foot at the same height. a is the distance between "B" and "C," b is the distance between "G" and "H," and h is the distance between the connected points "H" and "I" of the spring along the leg. The torque about the ankle joint is produced by the springs. Fig. 12 The relationship between the roll angle and the spring length. Fig. 13 The relationship between the roll angle and the torque applied by the springs. feet and the legs to produce torque about the joint. The effect of the tension springs is simply calculated as follows (16) . First we assume that the roll and pitch motion are each isolated. The
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Vol. 3, No.3, 2009 roll or pitch motion is described by the following expressions and shown in Fig. 11 . The forces produced by the springs are
where k is the spring constant and s is the initial length of the spring. We assume that the spring force obeys Hooke's law. The torque produced by the spring forces becomes Figure 11 provides the necessary notation. Then
y andẑ are the unit vectors shown in Fig. 11 . a is the distance between the leg and the spring post attached to the leg, b is the distance between the ankle joint and the spring post attached to the foot, and h is the distance between the connected points on the spring along the leg, as indicated in Fig. 11 . Figure 12 shows the length of the springs versus the ankle angle for roll motion. Figure 13 shows the relation between the ankle angle and the torque applied by the springs of 9320 N/m for roll motion compared with the torsional spring of 10 Nm/rad. Table 2 lists the values of the physical parameters of the walker and that are used for calculation in Figs. 12 and 13.
Experimental Results
The physical rimless wheel moves on a treadmill. The width of the treadmill is 0.4 m, the length is 1.2 m. The torsional spring constant for roll motion is approximately 10 Nm/rad as indicated in Fig. 13 . The hip width is 0.16 m. The slope angle is 0.15 rad. In the conditions, it is expected that the 3D rimless wheel exhibits stable motion as shown in Fig. 9(b) . The 3D rimless wheel is launched manually by hands.
When the spring constant for pitch motion is negligibly small, the stable motion is not obtained. The cause of unstable motions is the rebound when the leg impacts with the ground. When the rebound occurs the 3D rimless wheel jumps at a short instance and the foot of the stance leg moves like slipping. This disturbance immediately causes the motion to be unstable. In numerical simulations, the impact between the swing foot and the ground is assumed to be inelastic and without slipping. The experimental result indicates that the assumption of the perfect plastic collision is not appropriate when no ankle springs for pitch motion are attached to the legs and the feet.
The spring constant for pitch motion is sets as 3920 N/m to reduce the rebound motion produced on impact. The spring attached to provide pitch motion makes the 3D rimless wheel move faster because the loss in kinetic energy due to the impacts is reduced. The slope angle is adjusted such that the speed of the experimental 3D rimless wheel in the same as that in the numerical simulations in which the spring for pitch motion is absent. The slope angle is reset to 0.08 rad. Under these conditions, the 3D rimless wheel exhibits stable motions, as shown in Fig. 14. Figure 15 shows the set up for recording the motion of the 3D rimless wheel to obtain the pictures shown in Fig. 14 . In the most successful result, the 3D rimless wheel moves stably more than 250 steps, 100 seconds in the treadmill. After that, the wheel was stopped because the direction of the wheel is slightly changed leading to move the over side of the treadmill. Figure 16 indicates the motion capture data of the physical 3D rimless wheel between just before the impact and just after the next impact. The motion is captured by two cameras with 120 fps. The locations of the markers at legs and the stance foot are calculated by the images of the cameras. After that the ankle angles for roll and pitch motion are estimated by the relative attitude between the legs and foot. The experimental data shown in Fig. 16 is the average value of 12 stable steps. Figure 16 indicates that the trajectory of the roll angle is almost the same as the numerical simulation. However, the trajectory of the pitch angle is different around impact phase. The difference between the numerical simulation and the experiments results from kicking motions of the stance leg due to the spring effects for pitch motions. The kicking motion of the stance leg is indicated in Fig. 17 . In spite of the kicking motion the 3D rimless wheel exhibits stable motion.
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Conclusions
This paper presents a three-dimensional rimless wheel with flat feet and ankle springs. The three-dimensional rimless wheel, which is a simple model of three-dimensional walking, was used to show the effect of adding ankle springs to obtain a stable motion. Numerical simulations showed that the motion of the 3D rimless wheel was unstable without ankle springs. Then the effect of ankle spring for roll motion is investigated. Numerical simulations showed Journal of System Design and Dynamics Vol.3, No.3, 2009 Fig . 16 Comparison between experimental data and numerical simulation. Fig. 17 Kicking motion of 3D rimless wheel achieved by torsional springs attached for pitch motion. The treadmill moves from left to right and the 3D rimless wheel rotates counter-clock wise. The kicking motion of the stance foot occurs before the front foot is in full contact with the ground which then becomes the new stance foot. The heel of the front foot touches the ground (a). The stance foot starts to rotate about its toe (b). The stance foot leaves the ground before the front leg is in full contact with the ground, as indicated in (c). The front leg is in full contact with the ground (d). The pre-stance leg is raised from the ground (e).
that stable motion can be obtained in the presence of ankle springs for roll motion. Experimental result showed that rebound occurred when the foot impacted with the ground. The rebound leaded to unstable motion. The spring stiffness for pitch motion can easily reduce the rebound. When the rebound was reduced, the stable motion was obtained. The results indicate that ankle springs are useful to obtain stable motion in bipedal locomotion in threedimensions.
